OBSERVATIONS ON HARMONIC
PROGRESSIONS *

Leonhard Euler

§1 Under the name of harmonic progressions all series of fractions are un-
derstood, whose numerators are equal to each other, but whose denominators
on the other hand constitute an arithmetic progression. Therefore, a general
form of this kind is

c c c c

a’ a+b c+2b° a+3b ete.

For, each three contiguous terms, as

c c c
a+b" a+2b" a+3b
have this property that the differences of the outer ones from the middle term
are proportional to the outer terms themselves. Of course, it is

c c c ¢

a+b a+2b a+2b a+3b a+c a+3b
But because this is the property of the harmonic proportion, series of fractions
of this kind were called harmonic progressions. The could also have been called

reciprocals of first order, since in the general term m the index n has

one, more precisely one negative, dimension.

*Original title: “ De Progressionibus harmonicis Obersavatioes”, first published in , Commenta-
rii academiae scientiarum Petropolitanae 7 (1734/35), 1740, p. 150-161 “, reprinted in in ,Opera
Ommnia: Series 1, Volume 14, pp. 87 - 100 “, Enestrom-Number E43, translated by: Alexander
Aycock for , Euler-Kreis Mainz”



§2 Although in these series the terms continuously decrease, the sum of
a series of this kind continued to infinity is nevertheless always infinite.
To demonstrate this no method to sum these series is necessary, but the
validity will easily become clear from the following principle. A series, which
continued to infinity has a finite sum, even if it is extended twice as far, will
obtain no augmentation, but that, what is added after infinity by cogitation,
will in reality be infinitely small. For, if this would not be the case, the sum of
series, even if continued to infinity, would not be determined and therefore
not finite. From this it follows, if that, what arises from the continuation
beyond the infinitesimal term, is of finite magnitude, the sum of the series
necessarily must be infinite. Therefore, from this principle we will be able to
decide, whether the sum of a given series is infinite or finite.

§3 Therefore, let the series

c C C

7

a a+b a+2b

be continued to infinity and the infinitesimal term

etc.

c .
T while 7 is an
infinite number, which is the index of this term. Now, continue this series

further from the term -5 until the term m, whose exponent is ni.

a+ib
Therefore, the number of additionally added terms is (n — 1)i. But their sum

will be smaller than

(n—1)ic

a+ib '

but larger than

(n—1)ic

a+ (ni—1)b

But because i is infinitely large, a vanishes in each of both denominators.
Hence the sum will be greater than

(n—1)c
nb '
but smaller than

(n—1)c
—



From this it is perspicuous that this sum is finite and as a logical consequence
the sum of the propounded series ¢, ﬁ continued to infinity is infinitely
large.

§4 But closer limits of this sum of the terms from i to ni are found from the
following properties of the harmonic proportion. Of course, every harmonic
proportion is of such nature that the middle term is smaller than the third part
of the sum of all three. Therefore, the middle term between an 5 and m,
multiplied by the number of terms (n —i)i or

i1
a+ 1= 2’ b’

(n—1)ic
o niti—1y,
a+ "=1p
will be smaller than the sum of the terms. Or the sum of the terms hence will
be greater than

2(n—1)c

(n+1)b
because of the infinite i. Furthermore, the arithmetic mean of the most outer
terms is greater than the third part of the sum of the terms. From this it
follows that also in the harmonic series the sum of terms will be smaller than
(n — 1)i times the arithmetic mean of the most outer terms, which is

(2a+ (ni+i—1)b)c (n+1)c
20 +ib)(a+ (ni—1)p) O 2nib

Hence the sum will be smaller than

n? —1)c
2nb 7
such that these two limits are

2(n—1)c (n? —1)c
(n+1)b and 2nb

and hence the sum approximately

(n—1)c
byn '

which is the proportional middle between the limits.



§5 From these things is it possible to conclude in which cases this more
universal series
c c c e .
2 2+ ar2 etc. to infinity until PR
has a finite or infinite sum. For, let (n — 1)i terms follow after the last term
and the sum of these will be smaller than

(n—1)c
but greater than

(n—1)c

n%c=1p
Hence, if & was a number greater than unity, the sum of these following terms
will be = 0 and therefore the sum of the progression will be finite. But if it is
a < 1, the sum of the following terms will be infinite, which is why the sum of
the progression itself will be infinite of an infinitely larger degree. Therefore,
among these progressions only the harmonic, in which it is @ = 1, has this
property that the sum of it continued to infinity is infinitely large but the sum
of the following terms after the infinitesimal term on the other hand is finite.

§6 But how large the sum of terms from the term of the index i to the term
of the index ni is, I investigate in the following way. Put the sum of the series

c c c

7

a a+b Ta+(i—1)b

until the term of the index i = s, which is a quantity to be determined from 4,
b, c and i. Let i grow by the unity and s will have the following term . as
augmentation. Hence it will be

di:ds=1: C, or ds= Cdl,.
a+ib a-+ib

Hence one finds

s=c+%mgwum,

while C denotes a certain constant quantity. But it is also clear from this form
that the sum of the same series continued from the beginning to the term of
the index ni will be



=C+ %log(a + nib).

Therefore, the difference of these sums

c a—+ nib

58 =% logn (while a vanishes)

will give the sum of the terms from = to But because we assigned the
2(n—1)c

(n+1)b

a+z a+n1b
limits of this sum above, ; logn will be greater than

(n2—1)c

up 2 OF

and smaller than

2(n—1) n?—1
a1 and logn < T

log >

§7 Below we will show that that quantity C is finite and we will try to deter-
mine it. Therefore, C will vanish in the sum and the sum of the progression

c c c

7

A a+b a+(i—1)b

while the number of times is infinite = i, will become

c . c .
= Elog(a +ib) = Elogz.

Therefore, the sum will be as the logarithm of the number of terms and hence
infinitely smaller than the root of arbitrary large power of the number of
terms; nevertheless it is infinitely large.

§8 From this consideration innumerable series arise to denote the logarithms
of certain numbers. At first, let us take this harmonic progression

I
2 T3 g

for whichitisa =1, b = 1, ¢ = 1. Therefore, the difference between this series
TR SR
2 3 i
continued to the term of the index i and the same
1 1

(LTI S
2 3 ni



continued to the term of the index ni will be = logn. hence that series
subtracted from this one leaves log n. But since the number of terms of this
series is n times greater than the number of the latter, from n term of the series

1 1
14+ 4+—=
2 ni

one has to subtract one of the other series
1+ ! + + L
2 i’

that the subtraction to infinity can be done in the same way. Hence it will be

logn=l4rqopiyp b ooy o g
o8Nt =175 n i+l on o+l 3n 8¢
1 1
-1 _ - -
2 3

Therefore, if the single terms of the inferior series are actually subtracted
from the terms written over them of the superior series and for n the integer
number 2, 3,4 - - - etc. are written, we will successively obtain the following
series of logarithms:

log2=1— 51— 1 45— o lp oL et
BT T2 T3 45 677 879 10 11 12 7
lo 3—1+1—g—f—l—kl—g—f—l—kl—g—i—f—l—i—ketc
BT T3 TaT5 6778 9 1011 12 7
logd =1+ 52— o 2+ Th oD et
BT Ty T3 T 4T5 6 7 8o 0 1T 12 7
lo 5—1+1+1+1—é 1+l+1-|—1—i+l+£+e’cc
& 2 3 4 5 6 7 8 9 10 11 12 7
lo 6—1+1+1+1+1—§+1+1+1+i+i—i+etc
BT Ty T3 a5 6 7 s To 0 11 127 °°
etc.,

Hence for the logarithm of each number a convergent series is easily found.



§9 From these series others of the same form, which have a rational sum,
can be derived. For, since the double of the series = log 2 is log 4, if the series

1+ ! + L +etc
2 3 4 ’
is subtracted from this one
2-242 2 e
273 g

the remainder, namely, this series

1 e et
2 3 4 5 6 7

will be = 0, or

1_14_1_}_1_%4_1_}_1—{—1—34—6’&
2 3 4 5 6 7 8 9 10 '

Similarly, if the series exhibiting log 6 is subtracted from the sum of the series
exhibiting log 2 and log 3, the residue, namely

12 1 1 2 1 1 2 1

—————— S-S et
I=5-371ts5te¢t 7 8 9 19"

will be =0, or

1=t 2.1 1 2 1.1, 2 1
2737475 6 77879710 ¢

In similar manner, one will be able to find innumerable other series of this
kind.

§10 Those series expressing the logarithms certainly converge, but very
slowly, whence, that by means of them the logarithms can conveniently be
found, a certain auxiliary tool is required. To find this it must be noted that
these series do not proceed uniformly, but have certain revolutions, which are
absolved in so many terms as n has unities; therefore, I will call that many
terms taken simultaneously one member of the series. So in the series for
log 2 two terms will constitute one member, in the series for log 3 three, in the
series for log 4 and so forth. Therefore, the members will constitute an equal
series and to find logarithms it is necessary to add several members. For, let us
put that m members were added to find the logarithm of two and instead of



all the following ones one will be able to add Lm, which will come the closer
to the truth, the greater the number m was. To find log 3 to m already added
members instead of all the following ones add .. In similar manner for
log 4 one must add 16%” and so forth. These remarks follow from the method
of summing applied in § 6; since in this m must be a very large quantity, I
neglected the numbers added to m in the differential, that the integration does
not depend on logarithms.

§11 But to determine the sum, even though it is infinite, of the series 1 4 % +
141+ + 1 accurately, I express the single terms in the following way.
Itis

1 —tog2+o—tyt LT 1
T8 3T 3T T 5T e 7 '

and
el ot b1
27 %572 4738 416 5-32 v
1—1 é—k LI + LI + etc
37 %3729 3.27 "4.81 5-243 v
1—10 §+ L1 + 1 + etc
47 % 47216 3-64  4.256 5-1024 ‘
1—10 Z‘—i_—l%—l— ! + LI + etc
i T TR T3 s s A 5. '
Having added these series it will arise
1 1 1 . 1 11 1
- - P - - - _ tc.
1+2+3+ + log(z+1)+2(1+4+9+16—|—ec>
B I I S
3 8 T 27" w4 ‘
+1 1+i+i+i+ tc. etc
4 16 ' 81 ' 256 ' O¢)C¢C

Since these series are convergent, if they are summed approximately, it will
arise



1 1 1
1+§+§+...+?:10g(i—|—1)+0.577218.

If the sum is called s, it will be, as we did it above,

ds = zfll—l and hence s==1log(i+ 1)+ C.

Therefore, we detected the value of this constant C, which is C = 0.577218.

§12 If the series 1+ 5 4+ £ + -+ + } is continued further to infinity and
subdivided into members, of which each as the series itself contains i terms,
the member contained within  and - will be = log2, the following = log 3,
the third = log% etc. And because the series of the sum itself is the logarithm
of infinity, one can analogously put log §. And this way we will obtain the

following rather curious scheme:

Series 1—1—14- —1—1 + —l—l + —l—l + —l—l + —i—l
2 i 2i 3i 4i 5i

1 2 3 4 5

Sums log 0 log 1 log 5 log 3 log 1

§13 It might certainly seem to be difficult to find these same properties of
harmonic and logarithmic expressions analytically and in the same way I
used elsewhere to sum series. But to anyone considering the subject with
more attention it will become clear that this cannot only be done but can even
be done in much more generality. For, I consider not the simple harmonic
progression but the one connected a geometric progression, of which kind
this one is

cXx sz CX3 cx4

a +a—|—b+u—|—2b+a+3b

+ etc.

I put its sum s and having multiplied both by bx"s it will be

bx%s - bex L bcx¥ n bcbeZb 4 et
T a a+b a+2b '

And having taken differential one will have

a=b
b




a—=b
cx' T dx

bD.xL?bs = dx (cx% +cxb + cx% + etc.) =

1—x "~
Having taken integrals again it will be
a—b
ab X b dx
bx % s = /
xXbts=c 1 &
and
s c x5 dx
o' I—x’
From this series I now subtract this one
m 2im 3m
fx +fx +fx + etc.,
g g+h g+2h
whose sum shall be t. Multiply it by
h o mie-n
—X h ;
m
it will be
B, fin¥ | gt gt
m mg  m(g+h)  m(g+2h)
And having taken differentials it will be
mg—h
h m(g—h) mg—h m(g+h)—h m(g+2h)—h fx 8}1 dx
—Dx F t=d ( —h 1 7 t_)zi.
o D-x x| fx7h 4+ fx + fx +etc T
Hence one will have
m x%%dx
t =
hxm(gh—h) 1 — xm :
And hence
a—b mg—h
st € xadx  fm x hdx
o Tex S T

10



But this subtraction has to be done in such a way that from the term of the
index m of the series s the first term of the series t is subtracted and from the
term of the index 2m of that series the second of this series and so forth.

§14 To find our logarithmic series, let it be 4 = b and ¢ = h. Having done
this it will be

= [ gy
) 1—x " b %1%
and
]: mx™1dx ]: 1
t h 1—xm hlogl—xm
Therefore

But that this expression becomes finite for x = 1, it must be 5 = ; therefore,

let all this letters become = 1 and it will be

m

1—x

This expression gives the difference between these series

s —t =log =log(1+x+ x>+ - +x"1).

X+£2+£3+£4+£5+etc and ﬁ—sz—m—FX?)—M—Fetc
2 3 4 5 ’ 2 3 '
Hence, if it is m = 2, it will be
2 3 L4
Xt X0 x
log(1+x)—x—?+§—z+etc.,

if it is m = 3, it will be

lo(1+x+x2)—x+x—2—2—x3+x—4+x—5—2—x6+etc
& T2 T3 a5 s '

and in similar manner

2 3 3yl
log(1+x+x2+x3):x+%+%—%+etc.

11



If in these it is x = 1, the same series for the logarithms of natural numbers as
those we gave before [§ 8] will arise.

§15 Ifitis h = 2g, it will be

t_fx% mx"T" dx
h 1—axm

Put x™ = y; it will be

) A=y BT— gy h BT F

If furthermore it is a = b, it will be

s = ¢ lo 1
Ty %
But s is the sum of this series
S S
a 2a 3c

and

gives this series

m 3m 5m

fx2+fx2+fx2+etc.

8 38 58
Leta =1and g = 1; it will be

f
2

f, 1+x
~lo
2 gl—x

=
i

(1—x)° (1—|—x%>7

i — clog - 2 1
P 2 — f— =
s —tx clog 17— 7 = log

That this expression becomes finite, if it is x = 1, it is necessary that it is 12: =c

or f = 2c. Therefore, let c = 1 and m = 2n; the differences of the series

12



2 3 x4

X
x—i—?%-?—i-z—i—etc.
and
y + 20" + 2" + etc
1 3 5 '
will be
1— x"
= log a

(I—x)(1+am)

Put n = 2; the difference will be = log 111;‘2 and for x = 1 it will be = 0,
whence this series

TP I
27345 g7 TEC

it will be = 0, as we already found above [§ 9].

§16 One can now find infinitely many other series of this kind having a
rational sum from this form itself log fjxxx by assuming other similar forms,
which vanish for x = 1. For, from this form log 11:;‘2, if it is expressed by

means of a series, the found series itself immediately results. For, it is

lo(1+x)—f—x—2+£3—£4+x—5—etc
5 1 273 4275 %"
and
2 4 .6 48 10
log(1+x2):x——x—+x——x—+x——etc.

1 2 3 4 5
Therefore, this series subtracted from the superior one leaves this one behind

1 2 3 4 5 6 v
whose sum will be log 11:;‘2. In similar manner, log fi;; will give this series
xoox2 2x3 xt X 2x0 A7 X8 2x°
-+t =+ —+ = - - — — —etc

1 2 3 4 5 6 7 8 9
Therefore, having put x = 1 it will be

13



which same we found already in § 9.

§17 In this way one will be able to find the sums of all irregular series of
this kind which nevertheless proceed regularly in members; for, they are
always to be considered as the difference of two series. Let, e.g., this series be
propounded

-2l 2 ] 2 e
2 3 4 5 6 7 8 '

This is the difference of these series

2 A3 24 x°

x+?+§+z+€+etc

and
3x2  3x°  3a8

74‘?4‘?"}‘8&.

for x = 1. But the of that series is log ﬁ, the sum of the first on the other

hand is [ % or

N O e Vi BV T
2 Boii+v/3 2 BiiJ=3

Therefore, having subtracted this one from that one and having put x =1

\/?31 g3+m_ml 1++v-3

o 0

2 3—+v-3 2 gl—\/—a

will arise for the sum of the propounded progression. But @ log gf\/\/::g is
indeed the circumference of the circle divided by v/3 having put the diameter

=1land @ log ;g is its half.

1-+v-3
log

1 2
1_x+§log(x +x+1)+

—%log3+

14



§18 But even if the members themselves go in non uniformly, the sum is
assigned more difficultly. Let us take this series

L1112 1 113 1 11
27374 56 78 90 T T2 13 18
This is the difference between these series
1+1+1+1—|—1+ —I-L
2 3 4 5 1#
and
%—i—é—f—é-l—i-k +7i+1
2 5 9 14 z%

continued to infinity in such a way that the most outer terms have the same
denominator i - “52. But the sum of the first of these series is C + log i + log(i +
3) —log 2, where C denotes the constant found in § 11, namely 0.577218. The
other series which is to be subtracted is resolved into these two

= CEL I
3 273 "4 i

and
il (PR I
3\4 5 6 i+3

The sum of that one %C + %log i, the sum of the first on the other hand is
3C— 2 + 1log(i + 3). These two subtracted from that sum C + log i + log(i +
3) —log2 leaves . + 2 — log 2 or approximately 1.174078 for the sum of the
propounded series.
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